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Abstract. A proper short exact sequence
0! A!f B! C ! 0 ð*Þ
in the category of locally compact abelian groups is said to be t-pure if fðAÞ is a topologically
pure subgroup of B, that is, if
fðAÞV nB ¼ nfðAÞ
for all positive integers n. We establish conditions under which t-pure exact sequences split and
determine those locally compact abelian groups KlD (where K is compactly generated and
D is discrete) which are t-pure injective or t-pure projective. Calling the extension (*) almost
pure if
fðAÞV nBJ nfðAÞ
for all positive integers n, we obtain a complete description of the almost pure injectives and
almost pure projectives in the category of locally compact abelian groups.
1 Introduction
All groups considered in this paper are Hausdor¤ topological abelian groups
and they will be written additively. For a group G and a positive integer n, let
nG ¼ fng : g A Gg. If H is a subgroup of G, let n1H ¼ fg A G : ng A Hg. Let L de-
note the category of locally compact abelian (LCA) groups with continuous homo-
morphisms as morphisms. A morphism is called proper if it is open onto its image,
and an exact sequence
G1 !f1 G2 !f2    !fn1 Gn
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in L is called proper exact if each morphism fi is proper. Following Fulp and Gri‰th
[4], we call a proper short exact sequence 0! A! B! C ! 0 in L an extension of
A by C and let ExtðC;AÞ denote the group of extensions of A by C.
Recall that a proper exact sequence 0! A! B! C ! 0 in L is said to be topo-
logically pure if the induced sequence
0! nA! nB! nC ! 0
is proper exact for all positive integers n (cf. [7]). Evidently a topologically pure exact
sequence is t-pure, but a t-pure exact sequence need not be topologically pure (see [7,
Example 3.5]). A t-pure exact sequence need not be pure and a pure exact sequence
need not be t-pure (see [7] or [11]).
Let TpextðC;AÞ denote the set of elements in ExtðC;AÞ represented by t-pure exact
sequences. Then the first Ulm subgroup of ExtðC;AÞ is contained in but not neces-
sarily equal to TpextðC;AÞ (see Theorem 2.6). If G is t-pure injective in L, then G has
the form RlTlG 0 where R is a vector group, T is a toral group and G 0 is a to-
pological torsion group, but the converse fails in general as non-trivial finite groups
are not t-pure injective in L (cf. Theorem 2.7). Let C denote the class of all LCA
groups of the form KlD where K is a compactly generated group and D is a discrete
group. Then a group G A C has the property that TpextðX ;GÞ ¼ 0 for all groups
X A L if and only if G is topologically isomorphic to IlC where I is an injective
group in L and C is a topological direct product of finite cyclic groups. On the other
hand, G A C satisfies TpextðG;XÞ ¼ 0 for all groups X A L exactly if it is projective in
L (see Theorem 2.8). It follows that a group in C is t-pure injective (t-pure projective)
in L exactly if it is injective (projective) in L (Corollary 2.9). An LCA group is almost
pure injective in L exactly if it is injective in L (see Corollary 3.5). Since the dual of
an almost pure exact sequence is again almost pure, this implies that an LCA group
is almost pure projective in L if and only if it is projective in L (see Corollary 3.6).
The additive groups of integers and rationals are denoted by Z and Q respectively
and ZðnÞ is the cyclic group of order n. By R we mean the additive topological group
of real numbers and we set T ¼ R=Z. The Pontrjagin dual of a group G A L is
G^ ¼ HomðG;TÞ
and the annihilator of SJG is written ðG^;SÞ. Throughout this paper we use the term
‘isomorphic’ for ‘topologically isomorphic’, ‘direct summand’ for ‘topological direct
summand’ and ‘direct product’ for ‘topological direct product’. For details and fun-
damental results on locally compact abelian groups and Pontrjagin duality, we refer
to Hewitt and Ross [5].
2 Topologically pure subgroups
The following result will be needed.
Theorem 2.1. Let G be a group in L.
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(i) If G is a direct product of finite cyclic groups, then TpextðX ;GÞ ¼ 0 for all X A L.
(ii) If G is an infinite discrete bounded group, then there is a group X A L such that
TpextðX ;GÞ0 0.
Proof. The statement follows from [7, Theorem 3.1 and Example 3.5].
Lemma 2.2. A pullback of a t-pure exact sequence is t-pure. A pushout of a t-pure exact
sequence need not be t-pure.
Proof. Let E : 0! A!f B!c C ! 0 represent an element of TpextðC;AÞ and assume
that
0 ! A !m X !n Y ! 0
???yy
???yf
0 ! A !f B !c C ! 0
is a standard pullback diagram in L (see [4]). Then
X ¼ fðy; bÞ A YlB : f ðyÞ ¼ cðbÞg
and
m : a 7! ð0; fðaÞÞ; n : ðy; bÞ 7! y; y : ðy; bÞ 7! b:
If n is a positive integer and ð0; bÞ A mðAÞV nX , then b A fðAÞV nB ¼ nfðAÞ since
fðAÞ is topologically pure in B and it follows that ð0; bÞ A nmðAÞ. Therefore the top
row of the diagram is t-pure and the first statement follows.
To prove that a pushout of a t-pure exact sequence need not be t-pure, let p be a
prime, n a positive integer and fCi : i A Ng a collection of cyclic groups such that
every group Ci ¼ hyii has order pnþ1. We set y ¼ ðyiÞi AN and L ¼ B pC, where C
is the compact group
Q
i AN Ci and B is the subgroup 0i AN Ci þ hyi of C, taken
discrete. It is clear that K ¼ fðpb; pbÞ : b A Bg is a discrete, hence closed, subgroup of
L. To show that the sequence E : 0! K ! L! L=K ! 0 is t-pure, let r be a posi-
tive integer and x A prLVK . Then x ¼ prðb; bÞ for some b A B and there are elements
ci A Ci ði A NÞ, m A N and l A Z such that
prb ¼ prðpc1; . . . ; pcm; lymþ1; lymþ2; . . .Þ ¼ prðpc1; . . . ; pcm; pcmþ1; pcmþ2; . . .Þ:
Letting l 0 be an integer such that cmþ1 ¼ l 0ymþ1, we set
z ¼ ðpc1; . . . ; pcm; pl 0ymþ1; pl 0ymþ2; . . .Þ
and obtain x ¼ prðz; zÞ A prK . Since prL ¼ prL, it follows that the sequence E is
t-pure. Now let H ¼ fðpa; paÞ : a A Ag where A ¼0
i AN CiHB. Then the natural
map a : K ! K=H induces a pushout diagram
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E: 0 ! K ! L ! L=K ! 0???ya
???y

aE: 0 ! K=H ! L=H ! L=K ! 0:
Since ðpy; pyÞ A KnðpK þHÞ, we have
ðpLþHÞVK ¼ ðpB pCÞVK ¼ KU pK þH;
i.e., pðL=HÞVK=HU pðK=HÞ. Therefore aE is not t-pure.
Lemma 2.3. Let A and C be groups in L.
(i) If A and C are in C, then PextðC;AÞ ¼ TpextðC;AÞ.
(ii) If TpextðC;AÞ ¼ 0, then PextðA^; C^Þ ¼ 0.
(iii) If A is compact or C is discrete, then TpextðC;AÞ is a group and is isomorphic to
PextðA^; C^Þ.
Proof. (i) Suppose that A;C A C. If E represents an element of PextðC;AÞ, then the
dual sequence E^ represents an element of TpextðA^; C^Þ (see [7, Proposition 2.1]). Since
C^ A C, we have E^ A PextðA^; C^Þ, which implies that E A TpextðC;AÞ. On the other
hand, TpextðC;AÞJPextðC;AÞ since A A C, and (i) follows. Using the fact that the
dual of a pure exact sequence is t-pure once more, we conclude that (ii) holds.
To prove (iii), consider the natural isomorphism ExtðC;AÞ !@ ExtðA^; C^Þ given by
E 7! E^. By [7, Corollary 2.2], E is t-pure if and only if E^ is pure. Consequently,
TpextðC;AÞ is a group which is isomorphic to PextðA^; C^Þ.
By Lemma 2.3 and [8, Theorem 2.1] we obtain the following result.
Theorem 2.4. Let G A L and suppose that fHi : i A Ig is a collection in L. If every group
Hi is discrete, then
Tpext

0
i A I
Hi;G

G
Y
i A I
TpextðHi;GÞ:
If every group Hi is compact, then
Tpext

G;
Y
i A I
Hi

G
Y
i A I
TpextðG;HiÞ:
Lemma 2.5. Let A and C be in L. If m is a positive integer such that mA ¼ 0 or
mC ¼ 0, then mExtðC;AÞ ¼ 0.
Proof. As in the discrete case (see [3, p. 223]), the statement follows from the fact that
Ext is an additive functor.
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Our next result involves TpextðC;AÞ and ExtðC;AÞ1, the first Ulm subgroup of
ExtðC;AÞ. As is well known, the latter group coincides with PextðC;AÞ if A and C are
discrete (see [3, Theorem 53.3]). For arbitrary LCA groups A and C, ExtðC;AÞ1 is a
(possibly proper) subgroup of PextðC;AÞ (see [8, Theorem 2.4]). Recall that a topo-
logical group G is called compactly generated if it contains a compact subset F such
that the subgroup generated by F is G, and G is said to have no small subgroups if
there is a neighborhood of 0 which does not contain any non-trivial subgroups.
Theorem 2.6. Let A and C be groups in L. Then the following hold:
(i) TpextðC;AÞKExtðC;AÞ1.
(ii) TpextðC;AÞ0ExtðC;AÞ1 in general.
(iii) Suppose that A is compact. Then TpextðC;AÞ ¼ ExtðC;AÞ1JPextðC;AÞ but
TpextðC;AÞ0PextðC;AÞ generally.
(iv) Suppose that (a) A and C are compactly generated or (b) A and C have no small
subgroups. Then TpextðC;AÞ ¼ ExtðC;AÞ1.
Proof. The proof of (i) is similar to the proof of [8, Theorem 2.4(i)]. Assertion (ii) fol-
lows from Theorem 2.1 and Lemma 2.5. To prove (iii), assume that A is compact. By
the proof of Lemma 2.3(iii), the natural isomorphism ExtðC;AÞ !@ ExtðA^; C^Þ maps
TpextðC;AÞ onto PextðA^; C^Þ ¼ ExtðA^; C^Þ1. Therefore
TpextðC;AÞ ¼ ExtðC;AÞ1JPextðC;AÞ
and the inclusion may be proper since a finite pure subgroup of an LCA group need
not be topologically pure (cf. [7, Example 2.4]). Finally, (iv) follows from Lemma
2.3(i) and [8, Theorem 2.4(iii)].
Let G be a group in L. We call G t-pure injective in L if it has the injective property
relative to the class of t-pure exact sequences, i.e., if for every t-pure exact sequence
0! A!f B! C ! 0
and continuous homomorphism f : A! G there is a continuous homomorphism
f : B! G such that f f ¼ f . Similarly, G is said to be t-pure projective in L if it
has the projective property relative to the class of t-pure exact sequences. Following
Robertson [10], we call G a topological torsion group if ðn!Þx! 0 for all x A G.
Theorem 2.7. Consider the following conditions for a group G in L:
(i) G is t-pure injective in L;
(ii) TpextðX ;GÞ ¼ 0 for all groups X in L;
(iii) GGRnlTmlG 0 where n is a non-negative integer, m is a cardinal and G 0 is a
topological torsion group.
Then we have the following assertions: (i)) (ii)) (iii) and (iii) 6) (ii) 6) (i).
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Proof. Obviously (i) implies (ii). To prove (ii) 6) (i), let
E : 0! K ! L! L=K ! 0 and a : K ! K=H
be as in the proof of Lemma 2.2. Then K=HGZðpnÞ, and so by Theorem 2.1(i) we
have TpextðX ;K=HÞ ¼ 0 for all X A L. Now assume that K=H is t-pure injective in
L. Since E is t-pure, there is a continuous homomorphism c : L! K=H such that
0 ! K ! L ! L=K ! 0
a
???y 

c
K=H
is a commutative diagram. Clearly the map
c 0 :¼ L=H ! K=H; xþH 7! cðxÞ
is a continuous homomorphism making the diagram
aE: 0 ! K=H ! L=H ! L=K ! 0
 
c 0
K=H
commutative. But then aE splits, contradicting the fact that aE is not t-pure. There-
fore K=H is not t-pure injective and (ii) 6) (i) follows.
Now suppose that TpextðX ;GÞ ¼ 0 for all groups X A L. By [7, Theorem 4.3] we
have GGRnlTmlG 0 where G 0 is totally disconnected. As in the proof of [8,
Theorem 2.7] we conclude that G 0 is a topological torsion group, and hence (ii) im-
plies (iii). Finally, Theorem 2.1(ii) shows that (iii) does not imply (ii).
We shall now determine the groups G A C satisfying TpextðX ;GÞ ¼ 0 (resp.
TpextðG;XÞ ¼ 0) for all X A L.
Theorem 2.8. Let G A C. Then the following assertions hold.
(i) TpextðX ;GÞ ¼ 0 for all X A L if and only if GGRnlTmlC where n is a non-
negative integer, m is a cardinal and C is a direct product of finite cyclic groups.
(ii) TpextðG;XÞ ¼ 0 for all X A L if and only if GGRnl0m Z where n is a non-
negative integer and m is a cardinal.
Proof. (i) Suppose that TpextðX ;GÞ ¼ 0 for all X A L. Then Theorem 2.7 yields that
GGRnlTmlClD, where C is a compact totally disconnected group and D is a
discrete torsion group. By Lemma 2.3(iii), we have PextðC^; X^ ÞGTpextðX ;CÞ ¼ 0
for all X A L, and hence C^ is a direct sum of cyclic groups (cf. [3, Theorem 30.2]);
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therefore C is a direct product of finite cyclic groups. The group D is reduced because
an extension of a quasicyclic group by an LCA group need not split (see [2, Example
6.4]). Since D is torsion and cotorsion, it is bounded (see [3, Corollary 54.4]). Further,
Theorem 2.1(ii) shows that D is finite. Conversely, if GGRnlTmlC as in the
theorem, then TpextðX ;GÞ ¼ 0 for all X A L (cf. Theorem 2.1(i), [9, Theorem 3.2] and
[2, (6.34(b))]).
(ii) Now suppose that TpextðG;X Þ ¼ 0 for all X A L. By Lemma 2.3(ii), we
have PextðX^ ; G^Þ ¼ 0 for all X A L, and from [8, Corollary 2.8] it follows that
G^GRnlTm, so that GGRnl0m Z. The converse follows from [9, Theo-
rem 3.3].
Corollary 2.9. Let G A C. Then the following assertions hold.
(i) G is t-pure injective in L if and only if GGRnlTm where n is a non-negative
integer and m is a cardinal.
(ii) G is t-pure projective in L if and only if GGRnl0m Z where n is a non-negative
integer and m is a cardinal.
Proof. The statements follow from Theorem 2.8 and the proof of (ii) 6) (i) of Theo-
rem 2.7.
Let G be a group in L. Then G is said to be an elementary p-group if pG ¼ 0 for
some prime p. The group G is called (topologically) pure-simple if G contains no non-
trivial closed (topologically) pure subgroups. Similarly, G is called (topologically)
pure-full if every closed subgroup of G is (topologically) pure. The structure of pure-
simple and pure-full LCA groups was completely determined by Armacost [1]:
Theorem 2.10 (Armacost [1]). A group in L is pure-simple if and only if it is isomorphic
to one of the following: (a) a discrete group of rank 1; (b) the group of p-adic integers;
(c) the group of p-adic numbers; (d) R; or (e) a compact connected group of dimension
1.
Theorem 2.11 (Armacost [1]). A group in L is pure-full if and only if it is a local direct
product of elementary p-groups with respect to compact open subgroups.
Both results remain valid if ‘pure’ is replaced by ‘topologically pure’:
Corollary 2.12. Let G be a group in L. Then G is topologically pure-simple if and only
if it is pure-simple, and G is topologically pure-full if and only if it is pure-full.
Proof. Suppose that G is topologically pure-simple. Then G^ is pure-simple, and hence
isomorphic to one of the groups (a)–(e) of Theorem 2.10, and so is G (see [2, p. 20]
and [5, Theorems 24.25, 24.28]). It follows that G is pure-simple. Conversely, suppose
that G is pure-simple. Then Theorem 2.10 shows that purity and topological purity
are equivalent concepts in G, and thus G is topologically pure-simple. The second
assertion follows immediately from Armacost’s proof of Theorem 2.11 (see [1]).
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3 Almost pure subgroups
A subgroup H of a group G is called almost pure if nGVHJ nH for all positive in-
tegers n.
Lemma 3.1. Let H be a subgroup of a group G. Then the following conditions are
equivalent:
(i) H is almost pure in G;
(ii) nGVH ¼ nH for all n;
(iii) nðn1HÞ ¼ nH for all n;
(iv) n1HJ n1ðnHÞ for all n.
Proof. Clearly (i) implies (ii). Let n be a positive integer. Assuming (ii), we let
x A nðn1HÞ. Then x ¼ ny for some y A n1H, so that
x ¼ ny A nGVHJ nH
and (iii) follows. Now assume (iii) and let x A n1H. By our assumption, nx A nH,
so that x A n1ðnHÞ, and (iv) follows. Finally, suppose that (iv) holds and let
x A nGVH. Then x ¼ ny for some y A n1ðnHÞ, so that x ¼ ny A nH. Consequently,
(iv) implies (i).
Note that the annihilator of a closed (topologically) pure subgroup of a group
G A L need not be (topologically) pure in G^ (see for instance [7]). However, we have
the following result:
Proposition 3.2. Let H be a closed subgroup of a group G in L. Then H is almost pure
in G if and only if ðG^;HÞ is almost pure in G^.
Proof. Suppose that H is almost pure in G and let n be a positive integer. By Lemma
3.1, we have
nðn1HÞ ¼ nH;
and hence
n1ðG^;HÞ ¼ ðG^; nHÞ ¼ ðG^; nðn1HÞÞ ¼ n1ðG^; n1HÞ ¼ n1ðnðG^;HÞÞ:
We apply Lemma 3.1 again and conclude that ðG^;HÞ is almost pure in G^. The con-
verse follows from [5, Theorem 24.10].
A proper short exact sequence 0! A!f B! C ! 0 in L is called almost pure if
fðAÞ is almost pure in B. It is clear that an extension equivalent to an almost pure
extension is almost pure.
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Lemma 3.3. A pullback of an almost pure exact sequence is almost pure. A pushout of
an almost pure exact sequence is almost pure.
Proof. The proof of the first statement is similar to the first part of the proof for
Lemma 2.2. Assume that
0 ! A !f B ! C ! 0???yf
???yy

0 ! G !m X ! C ! 0
is a standard pushout diagram in L, with top row an almost pure exact sequence.
Then X ¼ ðGlBÞ=N where N ¼ fðf ðaÞ; fðaÞÞ : a A Ag, m : g 7! ðg; 0Þ þN and
y : b 7! ð0; bÞ þN. Let n be a positive integer and let nðg; bÞ þN A nX V mðGÞ. Then
there are elements a A A and g 0 A G such that nðg; bÞ ¼ ðg 0; 0Þ þ ðf ðaÞ; fðaÞÞ, and
hence
fðaÞ A nBV fðAÞJ nfðAÞ:
For x A A we have
ð0; nfðxÞÞ ¼ ðnf ðxÞ; 0Þ þ ðf ðnxÞ; fðnxÞÞ;
so that nðg; bÞ A ðnGl f0gÞ þN and we conclude that nðg; bÞ þN A nmðGÞ. Con-
sequently, mðGÞ is almost pure in X .
The elements of ExtðC;AÞ represented by almost pure exact sequences form a
subgroup denoted by ApextðC;AÞ. By Proposition 3.2, this group is isomorphic to
ApextðA^; C^Þ. A group in L is called (almost) pure injective in L if it has the injective
property relative to the class of (almost) pure exact sequences. The following result
can be found in [8].
Theorem 3.4. An LCA group which is pure injective in L possesses a dense divisible
subgroup.
Corollary 3.5. For a group G A L the following conditions are equivalent:
(i) G is almost pure injective in L;
(ii) ApextðX ;GÞ ¼ 0 for all groups X in L;
(iii) GGRnlTm where n is a non-negative integer and m is a cardinal.
Proof. A subgroup containing a dense divisible subgroup is almost pure, and so by
Theorem 3.4 the group G is almost pure injective in L exactly if it is injective in L.
Since G is injective in L if and only if GGRnlTm, the proof is complete.
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Finally, we call a group in L almost pure projective in L if it has the projective
property relative to the class of almost pure exact sequences. Then dualization of
Corollary 3.5 yields
Corollary 3.6. For a group G A L the following conditions are equivalent:
(i) G is almost pure projective in L;
(ii) ApextðG;XÞ ¼ 0 for all groups X in L;
(iii) GGRnl0m Z where n is a non-negative integer and m is a cardinal.
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